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ABSTRACT 

We formulate topologically massive supergravity with cosmological constant in the first 
order formalism, and construct the Noether supercurrent and superpotential associated 
with its local supersymmetry. Using these results, we construct in ordinary topologically 
massive gravity the Witten-Nester integral for conserved charges containing spinors which 
satisfy a generalized version of Witten equation on the initial value surface. We show 
that the Witten-Nester charge, represented as an integral over the boundary of the initial 
value surface produces the Abbott-Deser-Tekin energy for asymptotically anti de Sitter 
spacetimes. We consider all values of the Chern-Simons coupling constant, including the 
critical value known as the chiral point, and study the cases of standard Brown-Henneaux 
boundary conditions, as well as their weaker version that allow a slower fall-off. Studying 
the Witten-Nester energy as a bulk integral over the initial value surface instead, we find a 
bound on the energy, and through it the sufficient condition for the positivity of the energy. 
In particular, we find that spacetimes of Petrov type that admit globally well defined 
solutions of the generalized Witten equation have positive energy. 
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1 Introduction 



Topologically massive gravity (TMG) [1] with a cosmological constant (CTMG)[2] is de- 
scribed by the action 
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(1.1) 



^"16^G J "-"^ "^^^2^" 
where the cosmological constant A is negative. Tliis model provides an attractive setting 
for studying several non-perturbative aspects of quantum gravity that are far more difficult 
to address in four and higher dimensions. The cosmological constant facilitates a black 
hole solution[3], and the presence of the gravitational Chern-Simons (CS) term with critical 
strength [4] may help in resolving certain obstacles that have been encountered in attempt 
to solve the theory exactly without the CS term [5, 6, 7]. One of the attractive features 
of the CTMG is that by AdS/CFT correspondence, and assuming appropriate boundary 
conditions, it admits a dual boundary CFT description. Indeed, there exist two copies of the 
Virasoro group that act as the boundary-condition preserving group, with central charges 
[8, 9] 

where i is the AdS radius related to the cosmological constant as A = — Assuming that 
G > 0, we must have 

Im^I > 1 , (1.3) 

so that both central charges are non-negative. Without loss of generality we can choose 
jjL to be positive by the parity transformation. Thus, we shall be interested in the regime 
IjlI>\. However, the theory harbors a negative energy helicity 2 state for the conventional 
sign of the gravitational coupling constant G > [1, 4]. While taking G < avoids this 
problem, it turns out to imply negative BTZ black hole mass. It has been proposed in [4] 
that the instability problem in the case of G > can be circumvented by setting /x^ = 1 in 
which case the negative energy graviton mode becomes identical to the already existing left- 
moving massless boundary graviton of the cosmological Einstein gravity, thereby ceasing to 
be a propagating bulk degree of freedom. The left central charge vanishes at /x^ = 1, and 
the resulting theory subject to the standard Brown-Henneaux boundary conditions is called 
chiral gravity [4]. It was conjectured in [4] that the theory is chiral, in the sense that the 
physical states form representations of a single Virasoro algebra, and that it has positive 
energy. 

Subsequently, the chirality conjecture was proven [10, 11], though the positivity con- 
jecture remains open. In particular, a propagating finite negative energy linearized mode 
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at the chiral point was found [12], which however, requires a weaker version [13, 14] of 
the standard Brown-Henneaux boundary conditions. Finite negative energy modes obeying 
standard Brown-Henneaux boundary conditions were also found in [15, 16], which however 
uses Poincare patch which covers only a part of AdS, thus requiring further analysis to 
be conclusive. Subsequently, a linearized solution in the global coordinates which obeys 
the standard Brown-Henneaux boundary conditions was constructed as a descendant of a 
non-primary field [17]. There seems to be an evidence, however, that this solution devel- 
ops a logarithmic singularity in the next order in the weak field approximation-*^ . Finally, 
the chiral theory has also been analyzed in the Hamiltonian approach in which the count- 
ing of constraints reveals a single propagating degree of freedom even at the chiral point 
[18, 19, 11]. As emphasized in [11], however, even though this approach is nonperturbative, 
it does not address the boundary behavior. 

The ultimate status of the chiral theory will require a full study of the AdS/CFT cor- 
respondence, including the characterization of an appropriate CFT, and verification of the 
self-consistency by showing the decoupling of the unwanted negative norm states [13]. Al- 
ternatively, if the opposite overall sign in the action is chosen, then a superselection sector 
must be found in which the BTZ black holes are excluded, as has been suggested in [15]. 

Turning to the chiral theory, in addition to the positive energy BTZ black hole and 
the boundary graviton, it also admits the exact pp-wave solutions. These are locally AdS 
and apparently have zero energy. However, global considerations and how they may affect 
the energy require further study. Whether there exist other solutions of the chiral theory 
obeying the standard Brown-Henneaux boundary conditions is not known. Therefore, it 
clearly desirable to study the energy at the nonperturbative level, in search of a positive 
energy theorem. This is the main motivation for this work. In studying this problem, 
we shall employ a powerful tool introduced by Witten long ago [20]. This approach is 
inspired by the fact that global algebra of spinorial charges Q in supcrgravity leads to the 
Hamiltonian H = Tr , and it was successfully used to provide a simple proof [20] of the 
positive energy theorem in 4D for asymptotically Minkowskian spacetimes. The spinorial 
method for studying the energy in gravity was developed further in [21]. 

The issue of positivity of the energy, or lack of thereof, was studied in AD gravity 
theories with a class of curvature square terms in [22, 23] where it was shown that the 

= TrQ^ argument is not sufficient by itself to guarantee positive energy, as possible 
presence of ghosts in higher derivative theories may give rise to a Hilbert space with an 
^We thank Andy Strominger and Massimo Porrati for private communication about this problem. 
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indefinite signature. While the CTMG has no ghost for G < 0, and it has been proposed in 
[2] that the energy is positive in CTMG, based on the H = TrQ^ argument, the fact that 
the BTZ black hole has a negative energy for G < is a formidable problem that faces this 
proposal. 

An attempt at calculating the Witten-Nester energy in CTMG has been made in [24], 
where it was found not to have a definite sign in general. However, the gravitational 
CS term was essentially treated as a source term. Accordingly, the definition of the energy 
assumed in [24] differs from the existing ones based on Abbott-Deser approach [25] applied to 
CTMG in [26] for asymptotically AdS spacetimes^ , and generalized in [27] to accommodates 
spacetimes that are not asymptotically AdS. 

Here we shall approach the energy problem by first constructing a Witten-Nester energy 
formula for CTMG that produces the Abbott-Deser- Tekin (ADT) energy when viewed as 
an integral over the boundary dT, of a spatial slice S. To achieve this, we develop a first 
order formulation of the locally supersymmetric extension of CTMG, since it provides the 
most convenient framework for constructing the supercurrent and superpotential associated 
with local supersymmetry. Exploiting the supersymmetric variation of the superpotential, 
we obtain an expression for conserved quantities, which in particular contains the energy 
which we refer to as the Witten-Nester energy, as an integral over the boundary dT, of 
the spatial slice. Converting this to a bulk integral over S, we obtain a bound on the 
Witten-Nester energy, and consequently a sufficient condition for its being positive. 

In the calculations just outlined, the boundary conditions on the gravitational field 
play an important role in many respects, including the finiteness of the ADT charges. The 
standard Brown-Henneaux boundary conditions [8] were relaxed in [13] and the most general 
boundary conditions invariant under the AdS group, asymptoting to AdS metric at infinity 
and yielding finite charges have been determined recently in [14]. Here, we examine the 
ADT charges for these most general boundary conditions, and show that indeed they are 
finite in all eases. These charges are closely related to the asymptotic symmetry charges 
discussed in [10] and most recently in [14]. In agreement with [14], we find that the charges 
associated with both null Killing vectors are nonvanishing even at the chiral point IJ,£ = 1 
(see Section 5). 

In studying the Witten-Nester energy, we have found that it is convenient to generalize 

the well known Witten condition for a spinor which is a Dirac-like equation on the spacelike 

^We thank Andy Strominger for pointing out the need to modify the Noether supercurrent to remedy 
this problem. 
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slice. We will describe this generalization for different values of the parameter /x in Section 
3.3. At the chiral point fii = 1 and with the standard Brown-Henneaux boundary conditions 
assumed, the generalized Witten equation takes the form 

fei^ (v^ - Yf, - jC,.!") e = , (1.4) 

where C^jy is the Cotton tensor. In Section 5.1 we show that the Witten-Nester energy is 
related to the ADT energy as E]yi\f = Eadt- Using (1.4) and a Witten-Nester identity for 
the conserved charges as integral over the spacelike slice, we then find the following bound 
on the Witten-Nester energy 

EwN > ^ (c/Ca. - \9^.uC^^ u'' da , (1.5) 

where = C^^C^^ ^ and is a unit timelike vector perpendicular to the spatial slice 
S, and v^^ is constructed out of the generalized Witten spinors as = e^^^e^ + e^^^e^, 
which approaches a timelike Killing vector on 5S. This result shows that to establish a 
positive energy theorem by means of Witten-Nester type identity, we need to know about the 
Cotton tensor for spacetimes obeying the standard Brown-Henneaux boundary conditions 
in the chiral theory. At present, the only known exact solutions of this theory obeying 
the standard Brown-Henneaux boundary conditions are spacetimes for which the Cotton 
tensor vanishes. For these solutions, the bound is consistent with the direct calculation of 
the ADT charges which shows that the energy is positive. The utility of the result (1.5) 
lies in the fact that a larger class of solutions may exist in which the Cotton tensor does 
not vanish but has a positivity property for the simple algebraic integrand we have found. 
A cursory look at the Petrov-like classification of "iD spacetimes shows that the integrand 
in (1.5) vanishes for Type N metrics for which C^i, is proportional to a product of two null 
vectors. For all such sohitions of the theory the energy is positive provided that they obey 
the standard Brown-Henneaux boundary conditions, and the generalized Witten equation 
(1.4) has a globally well defined solution. A positive energy theorem would result if one 
can show that the metrics in the jii = 1 theory that obey the standard Brown-Henneaux 
boundary conditions are necessarily of Type N. Whether this is the case remains to be 
seen. We shall come back to this point in Section 6 where we will also discuss briefly other 
known solutions without the standard Brown-Henneaux asymptotics. 

The outline of this paper is as follows. In Section 2 we shall describe the first order formu- 
lation of simple topologically massive supergravity. The use of supergravity is to facilitate 
the derivation of a Witten-Nester type expression for the energy in ordinary CTMG, and 
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the first order formalism is developed because it provides the most convenient framework to 
achieve this^ . In Section 3, we construct the Noether supercurrent and superpotential, by 
following the procedure of [29] which builds on the work of [30] and which has been applied 
to ordinary supergravity in [31]. This procedure is explained in Appendix B. We then study 
the integral of the supercurrent over a spatial slice S, and by using Stokes' theorem, the 
integral over its boundary 9S. We compute the variation of the Noether supercurrent and 
superpotential and propose a generalized version of the Witten spinor equation, and derive 
a bound on the Witten-Nester energy. In Section 4, we study the solution of the general- 
ized Witten spinor equation for the most general boundary conditions recently proposed in 
[14]. In Section 5 we show that the boundary integral representation of the Witten-Nester 
charges agree with the ADT charges, and compute these charges. Wc also compute the 
ADT charges directly for the general solutions of CTMG with vanishing Cotton tensor, and 
a class of solutions know as the chiral pp- waves. Demanding consistency with our energy 
bound formula, we show that a globally well defined solution of the generalized Witten 
spinor equation must exist. We comment further on our results in Section 6, where we 
discuss further aspects of global issues in the definition of the Witten-Nester charges, im- 
plications of our energy bound for Petrov classes of 3D spacetimes, and the prospects of 
positive energy for fii > 1 in a, nonperturbative setting. 

2 The Topologically Massive Supergravity 
2.1 The Second-Order Formulation 

Simple topological massive supergravity was constructed by Deser and Kay [32] and gen- 
eralized to include a cosmological term by Deser [2]. This is N = (1,0) supergravity since 
the supersymmctry parameter is a single Majorana spinor in the (2, 1) representation of the 
AdS group SO{2,2) = 5*0(2, 1)^, x 50(2, 1)^^. The total Lagrangian, in our conventions 
(see Appendix A), is given by 

-\^Ji-^ e^^'P [R^u^'ujpab + Ka;,5^a;^ea) - li-^ R^l.l^R'' , (2.1) 

first order formulation of topologically massive supergravity models has been proposed in [28] but 
they differ from the model we present here, as they contain a different set of fields. 
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where m = £ ^ is the inverse radius of AdS. We have set an overall factor of gravitational 
coupling constant IGttG = 1, and used the following curvatures 

R^.u^' = aX' + <^.c'-(/^^i^) , (2.2) 
Rt^ = e>'-PD,{u)^l^p . (2.3) 

The covariant derivative of the gravitino in (2.1) is defined as Df^{uj)ipi, = d^ip^+'^LOn^'^jab'^u- 
The spin connection is not an independent field, but rather it is given by 

and uj^abi^) is the standard spin connection that solves the vanishing torsion equation 
de"" + w^ftc'' = 0. The action is invariant under the local supersymmetry transformations 

Stp/x = D^(uj)e - \m'y^e . (2.5) 

Note that the /x dependent part of the action is separately invariant under (2.5). The field 
equations following from the Lagrangian (2.1) are [24] 

Q^.v + ^i-^C^, = Q , (2.6) 

R^" + lm-f'"'tp^ + ^/x-^ ^ = , (2.7) 

up to fermionic terms in Einstein's equation, and cubic fermionic terms in the gravitino 
field equation, and we have used the definitions 

Gnu = R/j.^ — \gixvR — m'^gij.v , (2.8) 

C^u = e/''Vp{Rau - \9cuR) , (2.9) 

= jP^'^'^V^Rp - e'^'^P {Rp„ - \gp„R) 7<^V. , (2.10) 

where C^i,, which is symmetric, traceless and divergence-free, is the Cotton tensor, and the 
vector-spinor is supersymmetric partner, the "Cottino vector-spinor" [24]. It follows 
from the bosonic field equation that 

R = -Qm^ , (2.11) 
R^^ = -2m^g^^ - -C^^ . (2.12) 

So far we have described the topologically massive N = (1,0) supergravity. The corre- 
sponding results for the N = (0, 1) theory are obtained by replacing m —m everywhere. 
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2.2 The First Order Formulation 

A first order formulation of the bosonic sector has been developed in [33, 34, 11]. Here we 
shall present a supersymmetric extension of this construction. The independent bosonic 
fields are (e^,/^,ylp and the independent fermionic fields are [tp^^r]^). The vector spinor 
is Majorana. The full Lagrangian in the first order formalism, the detailed derivation 
and properties of which will be discussed elsewhere, turns out to be 

+ei'''P {p^{A)e,a + ^i€abcelel - ^^/^^TaV'.) fp , (2.13) 

where 

D^,{A)e^a = df,e^a + eabcA'i.el . (2.14) 

An important advantage of this formulation is that all the terms in the Lagrangian contain 
at most a single derivative. 

The equations of motion for (/ju*^, e^), respectively, and up to fermionic bilinears, 

are 

-D[^(A)e^]„ + //eafeceje^ = , (2.15) 
i^M^^a + fieabcfi^c'^e^f = , (2.16) 
Di^{A)fu]a + '^l^eabcf^el] - (m^ - //') = , (2.17) 

where 

F^," = d^At - d,Al + e«^M^5^,c . (2.18) 
The first equation is solved by 

^«=a;^(e)-Me^ (2.19) 

where = p!^'^ ■ Substituting this result into (2.16), it is straightforward to solve for 

/^", and one finds 

// = -^[V-i<^ + 5/^'<] , (2-20) 
where i?^" = Rfiue'^"' is the Ricci tensor. Substituting this result into (2.17) then gives 
precisely the equation of motion (2.6) that was found in the second order formalism. 
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Turning to the fermionic fields, up to cubic fermionic terms the field equations for 77^^ 
and ipn, respectively are 

j''r{r]u-Ru{A)) = , (2.21) 

Rf^iA) + i(m - f,)^''^, + ^e'^'^^aV'./; - ^s'^'^'D^iA) (7.7.^?'^) = . (2.22) 

The first equation is readily solved to give 

r)^' = R^'iA) . (2.23) 

Using this relation, as well as (2.19) and (2.20) in the second equation, after some algebra we 
find the gravitino field equation (2.7), thereby completing the proof that the field equations 
in the first order formalism are classically equivalent to those obtained in the second order 
formalism. 

The supersymmetry transformations for the dreibein and the gravitino are 

= e7"V/. , 

SiPi, = L>^(^)e- i(m-/x)7^e . (2.24) 

The supersymmetry transformation of the remaining fields {A^, fli_,ri^^) can be obtained by 
using the expressions (2.19), (2.20) and (2.23). They will be fully provided in [35] but for our 
purposes here we need to know the terms that involve the derivative of the supersymmetry 
parameter. We find that 

6v^ = -^(m-^)e^^^7pa,€ + Z^€ , 

Sf^ = -^V(7VW-^V'")+e-X^ 

M« = e-A«, (2.25) 

where Z'*, are certain algebraic expressions [35] depending on the fields of the theory 

whose precise form we do not need for our purposes here. 

3 The Witten-Nester Energy 

3.1 The Noether Supercurrent and Superpotential 

The Witten-Nester charges, one of which is the energy, are defined as 

QwN = I Se,J,^^d^^ = f Vu (5«t^r) d^i^ ' (3-1) 
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where S is a spacelike initial value surface, Jf is the Noether current associated with local 
supersymmetry transformations with parameter e, and Uf^ is the superpotential Jf = 
ViiUe^ . Using Stokes' theorem, and assuming that the surface S has a single boundary, 
and assuming that the bulk integral (5g2 Ji^dS^^ is finite, QwN can be re-expressed as 

QwN= I {5,^U^^)dT.^, . (3.2) 

JdT. 

We expect a relation between this expression and the ADT charges given in Appendix C. If 
such a relation exists, it will then enable us to study its positivity property by exploiting the 
expression (3.19). This is the strategy pioneered by Witten [20] in his proof of the positive 
energy theorem in 4D gravity in asymptotically Minkowskian spacetimes. 

In this section we shall determine the Noether supercurrcnt and superpotential U^'^ . 
We shall also determine the variation of the supercurrent under local supersymmetry, and 
examine the integral (3.1) over S. In Section 4 we shall examine the integral (3.2) over dT,. 

Using the formula (B.5) explained in Appendix B letting — >^ e and reading off 
from (2.24), (2.25), we construct the Noether supercurrent associated with the local super- 
symmetry of the topologically massive N = (1,0) supergravity as 

= V.^r + ^-^ + ^(--.).-e-,,^-^.-(7Vi^.(^)-rn^^^ 

~e (j'rRbiiv) - mer) e""^ {Dp{A)e,a + /^We^e^ - \^pla^c^ ■ (3.3) 



Its variation is 



(5Jf ^ = V. 



+ •••, (3.4) 



where • • • denotes terms which do not contain dS(f), where is a generic field. By requiring 
that SJi^ does not have 95(/> terms, as explained in Appendix B, we obtain 

f^M-L ^ 8^^.p- 1^^^ ^ ^lalpV"^ + '^^"^'^^ e^^'-e^p . (3.5) 
Using the equation of motion for rj, this becomes 

Ur"- = 4 (l + ^) e^'^eil^p + -^e^^^f-e^,-fpR%u;) . (3.6) 
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Thus, the Noether current is given by 

J^L = V^t/r-^ . (3.7) 

The Witten-Nester charges 

QwN= he,J^^dY.^= f dS^, (3.8) 

JT, JdT, 

generate the 5(9(2, 1)^ subalgebraof the AdS2. algebra 50(2, 1)lxS'0(2, 1)r. The 50(2, 1)r 
charges are obtained by making the replacement m —m in (3.6) which yields U^^. These 
expressions hold for any value of /x including the chiral point ji = m. Note also that we 
have set IBttG = 1 in (3.8). 

3.2 Witten-Nester Formula and the Gravitino Field Equation 

Before examining the Witten-Nester charges (3.8) let us make a comment on a relation 
between the supercurrent (3.7) and the gravitino field equation (2.7) following the approach 
in [25]. Here, we consider a metric which admits a Killing spinor satisfying 

(V^ - ^m7^) e = . (3.9) 

The integrability condition of this equation is 

C^^Ye = (3.10) 

We take the linearized gravitino field equation (2.7) and multiply it by a Killing spinor e. 
We find for the first two terms in (2.7) 

e [Ri' + Imj'^'i;,) = V. {e'^'Pe^p) , (3.11) 

and for the third term 

eO'* = V. (e7''7'^"i?p + me'^^''^^) - e^-'P {Rpa - \gpaR + Wdpa) e^^^u ■ (3.12) 

Using the gravitational field equation (2.6) the second term in (3.12) is proportional to 
(3.10), which vanishes. Thus we find that the gravitino field equation multiplied by a 
Killing spinor gives the supercurrent we obtained by the Noether method 

e [R^^ + \m-ii'^^^ + \lx-^C^) = ^V^U^^ , (3.13) 

where Uf^^ is the superpotential in (3.6). However, note that to derive (3.13) we assumed 
that the metric admits a Killing spinor and used the Killing spinor e in the superpotential 
Uf^^. In the Noether method above, the supercurrent (3.7) was obtained for the general 
metric and spinor e. 
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3.3 The Boundeiry Integral 

To study the boundary integral representation of the Witten-Nester charge (3.2) we compute 
the supersymmetry variation of Uf^ . Computing the A'^ = (1,0) supersymmetry variation 
of Ujf''^^ defined in (3.6), we find 



QwN 



m 



4(1 + -) esV^ei 



(3.14) 



H J " fj, \ 2' 

where we have set 167rG = 1, the commuting spinors ei and 62 take their asymptotic values 
which can be taken to be any one of the Killing spinors of AdS discussed in Appendix 
D, and 



(3.15) 



Depending on which Killing spinors arc utilized in (3.14), the Killing vectors defined as 
in (D.6) emerge, and the charges Q^j/^ correspond to these Killing vectors. To keep the 
notation simple, we do not exhibit the corresponding labels of the Wittcn-Ncster charges. 

Similarly, the N = (0, 1) supersymmetry variations of Uj^'^^ leads to Qy^/^ which can be 
obtained from Q^/f^ by letting m — > —m, and the spinors ei and €2 take their asymptotic 
values which can be taken to be any one of the Killing spinors discussed in Appendix 
D. This time, the the Killing vectors defined as (D.ll) emerge, and the resulting charges 
QwN correspond to these Killing vectors. 

The relation between the Witten-Nester charges Q^yjv described above and the ADT 
charges defined in Appendix C will be established in Section 5.1. 



3.4 The Bulk Integral and a Bound on the Witten-Nester Energy 

To study the bulk integral representation of the Witten-Nester charges (3.1) we evaluate 
the N = (1,0) supersymmetry variation of the Noether current defined in (3.7). After some 
calculations we obtain 



(3.16) 



The result (3.16) can be simplified by using the full Einstein equation (2.6) and its conse- 
quences (2.11), (2.12) to give 



QwN 



€2 + ei7''Vf;e2 



(3.17) 



13 



This expression can be expressed in various alternative forms. One possible strategy is to 
extract a boundary integral by manipulating the last term by means of partial integration 
and use of equations of motion. In this way, after some algebra we find 

^ M ^^^^^ 

Alternatively, recalling that /x > m, it is convenient to express (3.17) as 

Q^^ = [ dS^ [4 (1 + -) V^e-i7'^'^^V^e2 + 3, \ , £^'^^aagpA£"^"ei7ae2l , 

(3.19) 

where 

V^:=(v,-im7,-^^;(^C,„,^).. (3.20) 
In this case, we impose a generalized version of the Witten spinor condition as 

y Vf e = , (3.21) 

where Vf = ej'^V^ {i = 1,2). Next, we use the identity 7°*^ = — 7*7°7-? — S^^j^ and the 
definition of the Dirac conjugate (A. 7) to obtain the result 

QwN = 4 (1 + 7) X (^^"'^0^ i^^"") ''"'''^^'^ 

- , I {C'^C^u - J(5^;c2)(e-i7"e2) dT.^ , (3.22) 



where we have expressed the product of two e symbols in terms of Kronecker deltas and 



used the notation = C^^Cav The first term is manifestly positive when ei = €2, and 



therefore we have the bound 

/X > m : Q^jv > r / daX^, ui'v^^^ , (3.23) 

where we have set 167rG = 1, 

X^iv C^^Cxi, — -^QnvC^ , (3.24) 

and dT,^ = u^da, with Ufj, representing a timelike vector that specify the orientation of the 
area element da on the initial spacelike surface, and we have the vector 

vM-^ := e^e , (3.25) 

where the spinors are the solutions of (3.21) asymptoting to the Killing spinors (see 
Appendix D). 
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Next we turn to Q^n- "^^^ relevant equations for these charges are obtained from (3.21), 
(3.20), (3.22) and (3.23) by simply letting m — —m, and in (3.25) taking the spinors to 
approach the dotted Killing spinors asymptotically. As a result, we have the bound: 

/i > m : Q^jv > r / daX,,^ u^'v^'^ , (3.26) 

where the vector v^-> is the bilinear (3.25) in which the spinors now obey 7*V|^e = and 
asymptote to the Killing spinors (see Appendix D). The chiral point fi = m clearly 
requires special care. In this case, it is natural to directly evaluate the expression that 
results from (3.18) by replacing m — ^ —m. Setting fi = m, the first two terms cancel and 
we find 

QwN = -^ [ dT.^V,{e>'-PCpaeire2) . (3.27) 

Using the field equation C^^ = —nQixv^ and noting (5.2) and (5.3), we see upon comparison 
with the expression (C.15), that the right hand side of (3.27) being a boundary integral, it 
does produce, as to be expected, the ADT expression (C.15). Furthermore, as we shall show 
in Section 5.2, this particular ADT charge vanishes if standard Brown-Henneaux boundary 
conditions are imposed. Thus, we have 

11 = m: QwN — (standard Brown-Henneaux b.c.) . (3.28) 

4 The Witten Spinor 

To study the Witten-Nester identity (3.22) we need to know the asymptotic solution of 
the generalized Witten spinor equation (3.21) with appropriate boundary conditions. We 
shall be primarily interested in the standard Brown-Henneaux boundary conditions to be 
described below, and the chiral point ^^ = 1. Nonetheless, it is instructive to see the 
consequences of imposing the weakest possible boundary conditions allowed for different 
values of ^ as well. With this in mind, we shall study the asymptotic solutions of the 
generalized Witten equation for the most general boundary conditions compatible with the 
AdS asymptotics. 

4.1 The HMT Boundary Conditions 

The most general boundary conditions that are invariant under the AdS group, and asymp- 
toting to AdS metric at infinity and yielding finite charges have been determined recently by 
Henneaux, Martinez and Troncoso (HMT) [14]. We expand the gravitational field around 
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the AdS^ vacuum solution given by 

= f [_ cosh^ p dr^ + sinh^ p dcf)'^ + dp^] (4.1) 
and define the deviation fields as 

pa _ E a ,\r^ a 
^ix — Cjif -r 2 7^ ' 

= 9^^i. + Ku + 0{h^) , (4.2) 

where we choose /t^^ = enah^i"" to be symmetric h^i, = hi/^ by local Lorentz transformation. 
The coordinates have the ranges 0<p<oo, O<0< 27r, and < r < 27r for AdS, and 
— oo < r < oo for its universal cover. Another useful form of the metric is obtained by 
defining t = £t, r = £ sinh p and takes the form 

= - (1 + m\2) dt^ + r^dct>^ + . (4.3) 

Depending on the value of the parameter there exist different possible boundary 
conditions on the components of hab = e-a'^e-h^h^j^i,. These boundary conditions are (see 
Appendix A for notation): 

> 1 : 





= e" 


-''U+ + 




= e' 


''"U- + 




= e 


-'''122 + • 




= e 




h+2 


= e~ 


-'"1+2 + 


/l-2 


= e' 


-''1-2 + 



(4.4) 

where fab depend only on r and (f). These are the standard Brown-Henneaux boundary 
conditions [8]. The newly established boundary conditions arise when one considers the 
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parameter range < 1. They are [14] 

0<H<1: h++ = e-^P !++ + ■■■ 

h+- = e-^Pf +- + ■■■ 

h22 = e~^''/22 -\ 

h-- = e-(^+^)''7_- + e-^"/— + • • • 
h+2 = e-'^Pf+2 + --- 

h^2 = e-^^+'^^^J-a + e-3''/_2 + • • • (4.5) 

where fab and depend only on r and 0. Note that the /-terms are the standard devia- 
tions from AdS given in (4.4) and the /-terms represent the generahzations of them with 
slower fall-off. These boundary conditions have been called "negative chirality" bound- 
ary conditions since only h-2 and h have a slower fall-off terms. For the same range 

< \^£\ < 1, there are also "positive chirality" boundary conditions which are obtained 
from the ones in (4.5) by replacing everywhere the indices 

The remaining possible boundary conditions described in [14] arise at the so-called chiral 
point at which = 1 and had been already proposed in [13], and they take the form: 





= e-^P/,+ + ... 




h+- 


= e-'PU. + ... 




h22 


= e-^Pf22 + --- 






= pe-2^/__ + e- 




h+2 


= e-^PU2 + --- 




h-2 


= pe-^Pf.2 + e- 


■'"/-2 + - 



(4.6) 

Finally, for ij,£ = —1, the allowed boundary conditions are obtained from these by inter- 
changing + <->■—. An observation which will be useful later is that the boundary conditions 
for ij,£ = 1 (and similarly for = —1) can be obtained from those in (4.5) by first replacing 

f— f— 

f — f h f 

I -fit l-n£ 



17 



and then taking the limit fii ^ 1. Remarkably, all the known exact solutions of CTMG 
with asymptotically AdS behavior, which are essentially the chiral pp-waves and exist for 
both \fii\ > 1 as well as \fii\ = 1 [36, 15, 24], have exactly the above boundary behavior. 

While all the above boundary conditions are allowed in the sense mentioned earlier, the 
requirement that the two copies of the Virasoro algebra arising as the asymptotic symmetry 
algebra have positive central charges imposes the condition > 1. 

For later use let us show that the coefficient functions fab appearing in the HMT bound- 
ary conditions satisfy 

= 2/+_ + /22 = . (4.8) 

To achieve this we use the fact that the deviations hab asymptotically satisfy the linearized 
field equation derived from (2.6) 

SGab + -Sa'^'^^cSgbd = , (4.9) 

where 

SGab = \ {-^''hab - VaVfe/i + V^Vahc + V^Vbhac) + ^m^hab ■ (4.10) 

By taking trace of (4.9) we obtain 

- V^^ + V"VX& + 2m2^ = , (4.11) 

where h = ha"'. Substituting the HMT boundary conditions into (4.11) the first two terms 
are shown to be of higher order than C(e~^^), while the last term is proportional to h = 
er'^^Ja + • • • ■ Therefore, we obtain (4.8). 

4.2 The Asymptotic Solution of the Generalized Witten Equation 

With the boundary conditions at hand, we are ready to examine the generalized Witten 
equation (3.21).*^ In the AdS^ background (4.1), the only nonvanishing components of 
the spin connection are given by GJt^'^ = sinh p, uo^"^ = cosh p. Equivalently, the only 
nonvanishing components of u)c"'^ = ec^Qfj"^ are 

= o)-"^ = mcoth2p . (4.12) 

The spin connection is then expanded as 

O^^afe = a)^afe - \ {^aKb - ^bKa) + 0{h^) . (4.13) 

*In the case of ordinary AdS gravity without the gravitational CS term in 3-D, the Witten equation has 
been studied in arbitrary dimensions in [37]. 
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Using (4.1) and (4.13), and the field equation Cab = —/^{Rab + ^nT-^Vab), up to quadratic 
terms in hab we find 



where 



Yab = ^b'^'^'^ chad + 



1 



{V^hab + VoSbh - 2V"V(„/i6)c - 4.rr?hab) 



(4.14) 



(4.15) 



To obtain the solution of y^^e = we first note that the solution of "f^eAdS = is 

eAdS = e^Peoir, 0) + e'^Peiir, 0) , (4.16) 
where eo, ei are spinors satisfying 

7260 = eo , d^eo = -^eo , ei = 2j^d^to . (4.17) 
Writing the solution of y^e = as e = CAdS + ^e we find 

Af-eAdS + (f + Ay^) Ae = . (4.18) 
For the HMT boundary conditions (4.5) asymptotic behaviors of Yab in (4.15) are 

y__ = C»(e-(^+'^)^) + 0{e-^P) , 
Y_2, Y2- = 0(e-(2+^^)'') + 0(e-2^) , 

other Yab = 0{e-^^+^^^f) + ©(e-^") . (4.19) 

The asymptotic behaviors for the chiral point fi = m are given by replacing ei^~i^^)P with p 
in (4.19). For the standard Brown-Henncaux boundary conditions (4.4) there are no e~^'^ 
dependent terms in (4.19). Using (4.14), (4.19), and 7260 = eo, 7261 = — ei, we find 



Ay^ 
Ay^ 



6 2% 



0(e-(i+^V) + 0(e 
C>(e-(i+^>) + 0(e-t'') 



eo, 
ei- 



(4.20) 



From (4.20) and y^ = C(l), we find that the generalized Witten spinor satisfying y^e = 
has an expansion 

g = e'^P eo(r, (/>) + 6"^^ ei(T, 0) + e-(i+'^^)^ e2(r, </.) + e-'l" e2(r, 0) + • • • . (4.21) 
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The coefficient spinors £2, €2, • • • can be determined by solving y^e = iteratively, but we 
sfiall only need cq and ei. 

Similarly, we find that the generalized Witten spinor satisfying y^e = has an expan- 
sion 



= e^P eo(r, cj)) + e'^f ei(r, 0) + e-(HM^)p g2(r, </,) + e"!" e2(r, </>) + ••• , 



where eo; a^^e spinors satisfying 

72eo = -eo , ^^eo = "^^o , 
To obtain the expansion (4.22) we have used 

Ay^[e5^eo] = [0(e-(5+/^^)p) + 0(e 



(4.22) 



(4.23) 



(4.24) 



which have different behaviors from (4.20) due to the different chiralities of eo, ei. 
Finally we observe that upon choosing 

eo = cos ^{t + 4>) r]]_ + sin i(r + 0) 77+ , 



(4.25) 



where 77^ {A = 1, 2) are arbitrary constant Majorana spinors satisfying 7277+ = r/^, deter- 
mining ei by (4.17), and using the results of Appendix D, we find that e approaches the 
Killing spinor ex = e]^ + e\ in (D.5) 



= eK + 0(e-(5+''^)^) + C»(e-i0 . 



(4.26) 



Wc can also choose eo as in (4.25) by replacing (f) by —cj), and 77^ by 77^ satisfying 72^7^ = 
— ?7^, and determine e\ by (4.23). This results in Killing spinors e^j^ + ej^ given in (D.IO). 
These are the choices we shall make for eo in the remainder of this paper. In this way, the 
Killing vectors of SO {2, 2) emerge as bilinears of appropriate Killing spinors (see Appendix 
D) in the computation of the Witten-Nester charges as boundary integrals. 



5 The Abbott-Deser-Tekin Charges 

5.1 The Relation Between the Witten-Nester and ADT Charges 

Having determined the asymptotic solution for the generalized Witten spinor we can now 
study the boundary integral (3.14) for the Witten-Nester charges. We shall employ the 
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HMT boundary conditions for different values of ^ and compare the result with the ADT 
charges reviewed in Appendix C. 

Let us first examine the second term in the formula (3.14) for the Witten-Nester charges 
QwN- Using the asymptotic solution for the Witten spinor described in the previous section, 
and the notation (see Appendix (D)) 



€2 



(5.1) 



J J 



(5.3) 



for the asymptotic values of the Witten spinors, with A,B = 1,2 labeling the Killing spinors 
as described in Appendix D, and using the definition of the Killing vectors in terms of 
these spinors as defined in (D.6), we readily find that 
2 

_ 2 

At 

where f^'^ is defined in (C.13), and 6G denotes the linearized Q. In (5.2), we have made 
use of the fact that at the boundary of S, which is at radial infinity p ^ oo, the spinors 
approach their Killing spinor values and that in the remaining part of the integrand only 
the contributions that are linear in the deviation field survive. Comparing this result with 
the last term in the ADT charge formula (C.12), we see that they are in agreement up to 
a normalization factor of 167rG, which has been set to IGttG = 1 in the calculations of the 
Witten-Nester charges. Thus, it remains to show that the first term in (3.14) produces the 
first term in (C.12), again up to an overall normalization factor of IGttG. Letting ei — > e^, 
and 62 — (see Appendix D), and using the expansion (4.21) with the asymptotic solution 
as given in Section 4.2, we compute 

1 



'-9 L 



2P 



+ 



^ eo (V2/i+i - V+^21 - mh+i) + 



(5.4) 



where • • • denote higher order terms in e ^. To compare this result with the first term in 
(C.12), we compute 



^EiO = ^^"'i^""^ (V2/i+l - V+/121 - m/i+i) + • • • , 



(5.5) 
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where we have used the fact ^^^+ = 0{eP), = 0{e-P), ^^^^ = Thus, the first 

term in (3.14), together with the second term computed in (5.3) evaluated for the Kihing 
vectors which we denote by ^^'^^^ for simpUcity, and give in (D.6), yield the total 



(+)l 



/ 



2ii + ^^^''(eW) + -/5^(^W) 



(5.6) 



Comparing with the ADT charges described in Appendix C, and reintroducing the factor of 
167rG which has been set equal to one in (5.6), we see that we have established the relation 



(5.7) 



The Killing vector —2£~^Kq = ^{^^^ + ^^^) in (D.14) corresponds to the charge E — mJ, 
where E is the energy and J is the angular momentum. Similarly, taking for the Witten 
spinors and e^, we find that Q^jv (related to QvFiv by letting m — > —m) becomes 



(5.8) 



where ^ denote the Killing vectors in (D.ll). The Killing vector —2i ^Jq = ^(^^^ + 
^^^) in (D.14) corresponds to the charge E + mJ. 



5.2 Computation of the ADT Charges with HMT Boundary Conditions 

Having established the relations (5.7) and (5.8) between the Witten-Nester charges and 
the ADT charges, in this section we shall compute these charges for the HMT boundary 
conditions, to ensure that they are actually finite. 

The conserved charges we shall compute are within the S0{2, 2) subalgebra of two copies 
of Virasoro algebra that have been shown to arise as the asymptotic symmetry algebra [14] . 
Thus, we compute (see Appendix A for notation) 

(5.9) 



For the first terms of the integrands, using the definition of J-'^'^ given in (C.6), the boundary 
conditions (4.5), which also cover the case (4.4) for |/Lt£| > 1 by simply setting the / field to 
zero, and (4.8), we obtain 



-V2mV3^e^+)+/++ + 



/__ + i(l + /x^)e(i-''^)''/__ 



+ ••• , 



(5.10) 



where • • • are higher order terms which do not contribute to the charge. When substituted 
into the charge, the e^^~^^^P term is divergent for p ^ oo. 
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The second terms of the integrands, upon using (C.14), (4.10), and the boundary con- 
ditions (4.5), yield the results 

rji^-)) = -l=m\l-^^'f)e-('+'^^>>^(-^-U^ + ... , (5.11) 

where, again, ■ ■ ■ are higher order terms which do not contribute to the charge. Substituting 
(5.10) and (5.11) into (5.9) we obtain the ADT charges as 

QadtI^^^^ = -J^^^ 1 # (l + ^) e-^e(+)+/++ , for > 1 , (5.12) 



and 



Qadt[&^] = < 



16V27TG J V M . 

(5.13) 

[^/#e-e(-)-/__, for,.^l. 



In the computation of the second equation in (5.13), the divergent terms proportional to / 

in J^E and fc have canceled out. We see that while one may expect Qadt[^^~^] to vanish 
at the chiral point, in fact it does not, as can be seen from the implementation of the 
prescription (4.7). Thus, it is remarkable that even at the chiral point = 1, both charges 
associated with ^^^^ and arc nonvanishing. This is in accordance with what has been 
recently found in [14] by apparently different methods. 

In the case of = 1 and the standard Brown- Henneaux boundary conditions (4.6) with 
the / terms set to zero, the ADT charges are given by 



'^-^>«'''l = -i7b/*'"'«'*''-^-- (5.14) 

Qadt[&^ = . 



Therefore, in order to prove a positive energy theorem for the theory at the chiral point 
and obeying the standard Brown-Henneaux boundary conditions, it must be shown that for 
any solution of the theory, the above expression for QadtH^'^'^] is positive. While we have 
not proven such a theorem here, we have established the bound (3.23). 

At present the only known exact solutions that satisfy the standard Brown-Henneaux 
boundary conditions have vanishing Cotton tensor, and consequently they are conformal to 
AdS. Normalizing the energy of AdS to be vanishing, all the remaining solutions have either 
conical singularity for GM < and therefore excluded from the physical spectrum, or they 
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have positive energy. What we do not know at present is whether there exist other solutions 
which violate the bound (3.23). As such, a positive energy theorem based on (3.23) is not 
ruled out. 

While the ADT energy for the solutions with vanishing Cotton tensor mentioned above 
can be directly computed from the ADT charge formula, and therefore the Witten-Nester 
bulk integral is not needed, it is useful to compare the ADT result with the consequences of 
the bound (3.23). We shall do this analysis in the next section for the general solution with 
vanishing Cotton tensor as well as the pp-waves in AdS which satisfy the weaker version of 
the Brown-Henneaux boundary conditions for completeness. As a result, we will sec that 
the need for the existence of a globally well defined solution of the generalized Witten spinor 
equation (3.21). 

5.3 The General Solution With Vanishing Cotton Tensor 

The most general solution of CTMG with vanishing Cotton tensor is locally AdS metric 
which can be written as [46] 

/ 1 _ \ dr'^ 
ds^ = 2 {mrf + — ^h{u)h{y) dudv + ^ + h{u)du^ + h{v)dv^ , (5.15) 



4(mr)^ / (mr) 

where 

n= (-* + £(/>) , v = ^{t + l(t)), (5.16) 

and h, h are real and independent arbitrary functions. This solution can be obtained from 
the "vacuum solution" defined by ^ = 0, ^ = by means of conformal transformations. For 
example, starting from the vacuum solution, the following transformations 

u^f{u), v^v-^^L, r^-^, (5.17) 

where /' = df/du yield the metric (5.15) with 

h{u) = -^{f,u} , h{v) = 0, (5.18) 

with the Schwarzian derivative defined as 

A more general coordinate transformation involving in particular v — ^ g{v) + • • • which 
generates the h{v) dependent terms in (5.15) as h{v) = —2^{9i'"}j is more complicated 
but it will not be needed here. 
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Although the general metric (5.15) is locally AdS, it represents physically distinct con- 
figurations for distinct values of h and h (see [46] for a review). In particular, choosing h 
and h to be constants as 

h = 4G(Moo + mJoo) , h = 4G(Moo - mJoo) , (5.20) 
and redefining the radial coordinate as 

4G2^2 



r 



2 „2 



+ [Mie - Jl) + 4GM^e^ , (5.21) 



gives the BTZ black hole solution [3] 

ds^ = - (mV^ _ sGMoo) dt"^ - 8GJ^dtd(p + f^d^^ + ^ (5 22) 

m2f2 - 8GM00 + 

In the n = 00 theory without the CS term the parameters Moo and Jqo represent the mass 
and the angular momentum of the black hole respectively. The radial coordinate f covers 
the exterior region of the horizon r > when r varies from r = ^^r^ 7-2 ^ — 
Here, r+ and r_ (r_|_ > r_) are roots of m^f^ — SGM^o + = 0, and arc related to M^o 

and Joo as + = SGMoo^"^. r_|_r_ = AGJooi- As noted in [3], the "vacuum metric", 
which is defined as the Joo = = Mqo case, is not the AdS metric, and the latter arises for 
Joo = and GMoo = —1/8. Moreover, the solution has conical singularity for any other 
negative value of GM^o- 

For the general solution (5.15), the deviations from the AdS metric also obey the bound- 
ary conditions (4.4) as can be seen from 

1 



h++ = {h + ^)- r2+C(r 



-4\ 



= (/i + l)-J— + 0(r-4) , 



1 



= --^^ + 0(r 
2(mrj^ 

h22 = -^ + 0(r-^), (5.23) 

and the relation mr = sinhp = ^e^ -|- 0{e~f). Thus, the ADT charges are obtained from 
(5.12) and (5.13) as 

f>27r 



Qadt[^^+^] = -^^^ jj '^'^i^^'f) ^"'^^^^^^2^ + 1) ' for > 1 , (5. 
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and 



Qadt[^ 



(-)l 



(5.25) 



, 



for ^l^ 



where ^^^^ and are Killing vectors in (D.6) and (D.ll) respectively. For the special 
values (5.20) of (/i, h) corresponding to the BTZ black hole, the ADT charges E ^ mJ 
corresponding to the Killing vectors —2^~^KQ and — 2£~^ Jq in (D.14) are thus 



Tfl 

E-mJ=\l + — 



and 



E + mJ = < 



^ m 



Moo + ^ ~ "^-^t 



Moo + 8^ + ^-^oo I , 



, 



for ni>l , 



for ij,£> 1 



for fit = 1 



(5.26) 



(5.27) 



These results suggest that the ADT charges can be positive or negative depending on 
the choice for h{u) and h{v). On the other hand, we have the bounds (3.23) and (3.26), 
where the vanishing of X^i^ for the solutions (5.15) implies that QvKA^ K'-^'*] ^ 0, and in 
view of (5.7) and (5.8) it means that QadtIS,^"^^] must be positive. The resolution of 
this apparent contradiction lies in the fact that the bounds (3.23) and (3.26) assume the 
existence of globally well defined solutions of the generalized Witten equations, in this case 
for ni > 1. It follows that such solutions must fail to exist for the choices of h and h which 
yield a negative value for Qadt[C*-^^]- To see this we proceed as follows. We substitute into 
e = (see (3.21) and the discussion above (3.26)) 



e = + Ae , 



(5.28) 



where is the Killing spinor of the "vacuum solution" (5.15) with h = h = that satisfies 

(V^ + ^m'jfj^y^'^eQ = 0, and is given by 



= (mr)2 [rj- — muj-r]+) + (mr) ^r]+ 



(5.29) 



in terms of arbitrary constant spinors r]± satisfying 72?7± = i??±- Next, we use the solution 
(5.15) with h = 0, and choose the following dreibein 



+ 



mr , 



h 
2mr 



mr , 



1 

mr 



(5.30) 
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In this basis the only non-vanishing components of the spin connection are 

LUy'^^ = m^r , Wu"*"^ = rdr ' = • (5.31) 

Next, we use the fact that the Cotton tensor vanishes for this solution, and in the equation 

7*Vf e = we project to the 72 = ±1 subspaces and substitute the expansions 

00 00 
Ae_ = ^(r?^r)-2"+ie„_ , Ae+ = ^(mr)-2"-len+ . (5.32) 

n=l n=l 

Thus we find recursion relations 

6„+ = 2(2n-l)m ^+^"^"-' ^'-''^ 
ei_ = —-h{r]- — muj-rj^) , (5.34) 

2(n + l)e„+i_ + ^7_aue„+ + ^/len- = , (5.35) 

To make further progress, at this point we consider the case h = constant. In this case we 
can solve the recursion relations and the using this result in (5.32), we find 



e_ = (mr)2e Hmr)'^ [r^_ — mu'j-ri+) . (5.36) 

We now see that in the limit r ^ 0, Ae_ is divergent for h < 0, while it is finite for h > 0. 
This suggests that a globally defined Witten spinor does not exist for h < 0. 

5.4 The Chiral pp- Waves 

The chiral pp-wave solutions are exact solutions of CTMG which take the form [36, 15, 24] 

ds^ = 2(mr)^dudv + -. ^75- + h(u,r) du^ , (5.37) 

(mr)"' 

where, using the notation h{u, r) = h, we have 

h = {mrY-i'^h{u) + {mrff2{u) + h{u), (5.38) 

^£ = +1 : h = In(mr) h{u) + {mrf f2{u) + h{u) , (5.39) 

^l = -l: h = {mrf In(mr) /i(n) + {mrf f2{u) + h{u) , (5.40) 

and /i, /s are arbitrary functions of u. While f2{u) and f3{u) can be removed by local 
coordinate transformations, the global nature of the solution may depend on them. Of these 
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solutions, the ones which satisfy the HMT boundary conditions are 

> 1 , M = -1 : h = h{u) , (5.41) 

< <1: h = {mr)^-^h{u) + /3(n) , (5.42) 

lj,i = +l: h = ln{mr) fi{u) + fsiu) . (5.43) 

The first case corresponds to the solution (5.15) with h = and h = fs which we have 
already dealt with in the previous section, and therefore in what follows we shall consider 
the remaining cases only. 

Applying the formula (5.12), (5.13) for the charges of these solutions we find ^ 

for all values of /j,, which is independent of /a, /i and positive, and 

(5.45) 



QadtI^ 



Thus for the chiral models, imposing the standard Brown-Henneaux boundary conditions, 
namely (4.6) with the / fields set to zero, gives vanishing ADT charge for 

fie = l: Qadt[&^] = . (5.46) 

This result is consistent with the fact that the extreme BTZ black hole solution which is 
obtained from (5.22) by setting = mJoo [39] has vanishing Qadt[^^~^]- 

6 Comments 

The bounds (3.23) and (3.26) we have established on the Wittcn-Ncster energy highlight 
the importance of the Cotton tensor. Therefore it is useful to examine the classification of 
3D spacetimes based on the eigenvalue problem for the Cotton tensor, (C"^ — X5^)V^ = 0, 
where X C C. Such a classification is available [41, 42] (see also [43, 44, 45] ), and it shows 
that the possible canonical forms of the Cotton tensor are as follows [45, 44] ^: 



^These charges were computed for constant f's in [38], and for these cases our results agree except the 

second equation in (5.45). 

®The labeUng in the first column is motivated by the Petrov classification of 4D spacetimes. 
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Petrov Type 


Canonical Form 




N 


Cab — ^kakf, 




D 


Cab = a{i]ab - ^mamb) 




D' 


Cab = aiVab + 3iai&) 




III 


Cab = '^rk^a'mb) 




II 


Cab = Ol{rjab - Smamb) + Xkakb 




I 


Cab = Oi{r}ab - Sniamb) - P {kah + 


naTlb) 


I' 


Cab = - Sniamb) - P (kah - 


na-rib) 



(6.1) 



where a,(3 d R and (3^0, and it is possible to choose A = ±1 and r = ±1. Furthermore, 
A;" and n" are null vectors and m" is a spacelike vector, with the only nonvanishing inner 
products k^Ua = — 1, and m^nia = 1. We also have the timelike vector t"- = {k^ + n")/\/2 
and spacelike vector z°- = (A;" — n")/\/2. 

Assuming that the Witten-Nester energy does not depend on the choice of initial space- 
like surface, we can choose this surface such that = t". Then we find 

Petrov Type -Xab^v^ 
N 



D 2aH''va 
D' -aH"-Va 

III 73^'^"«a 



(6.2) 



// 2aH"-Va + V2Aa k"-Va 

I 2a{a - P)t"-Va 

r 2aH"-Va - 2al3 z"-Va 

The vector is bilinear in spinors that obey the generalized Witten equation and asymptote 
the suitable Killing spinors. From these results, we see that there is no evidence for the 
positivity of Witten-Nester energy, with the exception of Type N spacetimes, and Type / 
spacetimes with a = p. In the latter case, X^b does not vanish but Xabt'^ = 0. 

Given a Petrov-type, determining the corresponding space of solutions, and among the 
class those which obey the standard Brown-Henneaux boundary conditions is a notoriously 
difficult and so far unsolved problem. It is clear that all the solution of ordinary AdS 
gravity with the CS term absent are also the solutions of CTMG in which the Cotton 
tensor vanishes. All of these solutions are conformal to AdS, and they are well understood 
(see [46] for a review). Outside this class, the only exact solutions of CTMG that have 
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appeared in the literature until the present time are remarkably few and they are^ [47] : 

• The general pp-wave solutions [36, 15, 24] are Type N and they follow from the 
requirement of one null Killing vector [24]*. 

• The timelike and spacelike squashed {fi£ < 3) or stretched {fi£ > 3) solutions admit- 
ting SL(2,R) X U{1) Killing vectors are of Type D [49, 50]. These solutions have 
a squashing parameter related to /x, and the discrete quotients are "warped" AdS3 
black holes [51] which asymptote to squashed (stretched) AdS3. 

Of these, only the Type N solutions obey the standard Brown-Henneaux boundary 
conditions, and a direct calculation that does not rely on the Witten-Nester identity shows 
that their energy is positive. As mentioned in the introduction, however, the bound (1.5) is 
nontrivial since we do not know if all solutions of Type N are necessarily chiral pp-waves. 

Of the known Type D solutions, the conserved charges for the warped AdS black holes 
have been computed in [27], where the generalized version of the ADT formula is derived 
and used. The mass turns out to be positive for > 3 for the solution considered in 
[27] which is related to that of [49, 50] by the double Wick rotation t it,(f> i(f>. In 
comparing this result with the bound on the energy we have derived here, we note that 
while in showing the equivalence of the Witten-Nester charge with the ADT charge we 
assumed the asymptotically AdS HMT boundary conditions, passing over to bulk integral 
by means of Stokes' theorem docs not depend on this assumption. It rather depends on the 
existence of a globally well defined solution of the generalized Witten equation. Thus the 
bounds (3.23) and (3.26) are valid for any solution of the TMG equations of motion, not 
necessarily asymptoting to AdS, provided that the global Witten spinors exist. However, 
the relation between the Witten-Nester charges and ADT charges in presence of squashed 
AdS boundary conditions needs to be established in this case, before a rigorous comparison 
with the direct calculation of the mass described above. 

The Witten-Nester identity we have found relies on a supercurrent associated with lo- 
cal supersymmetry of topologically massive supergravity in first order formulation. Since 
Noether currents associated with local symmetries are defined up to divergence of an anti- 
symmetric tensor, one may consider an alternative definition of energy which may lead to 

number of solutions that have appeared in the hterature have been shown in [47] to be either a pp-wave 

or squashed (stretched) AdS in disguise. 

*Thc black hole solution of [48] , which obeys the weak version of the Brown-Henneaux boundary condition, 

is a coordinate transformation of the pp-wave at the chiral point [36, 15, 24] with a compactified spatial 

coordinate [48, 47]. 
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a positive energy theorem. Note, however, that the charge definition we have used here, 
which is due to [29] and generahzes the Hamiltonian approach of [30] by employing su- 
perpotentials, passes important tests. In particular, it produces the appropriate conserved 
quantities of the BTZ black hole that take into account the dependence on the CS coupling 
constant [26, 38]. The charges constructed in this way must also produce the appropri- 
ate charge algebra. As explained in [29], the first order formulation, which we have used 
here as well, and the antisymmetry of the supcrpotential, such as the one we have given 
in (3.6) for CTMG, play crucial role in achieving these properties. Indeed, we have found 
that the Witten-Nester charge defined from the supertransformation of the supercurrent 
coincide with the ADT charges H ztP (for null Killing vectors), which verifies the anticom- 
mutation relation of supercharges {Q, Q} = H ziz P. Furthermore, the procedure of [29] for 
constructing the conserved charges has been tested successfully in many models. 

The Witten-Nester identity relies also on the existence of regular solutions to a gen- 
eralized version of the Witten equation on the spatial slice. In Section 4 we showed that 
one can always solve the equation order by order in a radial expansion with appropriate 
boundary conditions. However, this does not constitute a proof of the existence of a globally 
well defined solution. Indeed, we showed in Section 5.3 that a global solution fails to exist 
for particular pp- waves, albeit in the case of fj,£ > 1. Similar phenomenon has also been 
noticed in [37] in their study of the ordinary Witten spinor equation in pure AdS gravities 
in diverse dimensions. The role of spin structures and whether they can be extended to the 
bulk is another global issue which requires careful study [37]. 

Our focus has been primarily on jj^i = 1 theory with standard Brown-Henneaux bound- 
ary conditions. If we allow the weak version of these boundary conditions given in (4.6), 
the positivity condition for Qadt[C^'^^] remains the same as in (5.14) but Qadt[^^~'*] no 
longer vanishes, and is given by 

= 1 : Qadt[&^] = -[^^^ I d4>e-Pi^-^-J^^ . (6.3) 

Surprisingly, there is no Witten-Nester identity available for this charge, and consequently 
whether it is positive or not depends on the outcome of a direct evaluation of the above 
integral, as discussed in Section 3.3. For the exact pp-wave solution (5.43), the result for 

Qadt[^'^~^] is given by (6.3) with / = Afi{u), which suggests that one can always choose 

/i such that this charge is negative. This is consistent with the fact that there exist negative 
energy linearized solutions which satisfy the weak Brown-Henneaux boundary conditions 
[12]. Therefore, these boundary conditions must be ruled out in the chiral theory. 
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In the case of iJ,i > 1, the ADT charges are given in (5.12) and (5.13) (with standard 
Brown-Henneaux boundary conditions (4.4)) and we have the bounds 

lii>l: QadtI^^^^] > ^ 3? , , / daX^^u^v^^^'' , (6.4) 

87rG/x'^(/x±m) 7s 

where X^j^^ is defined in (3.24), and v^"^^^ are bihnear in Witten spinors which approach the 
left or right KiUing spinors asymptotically. As we saw earlier there is no reason for these 
expressions to be positive or vanishing with the exception of Type N spacetimes, and Type 
/ spacetimes with a = P (see Tables above). In particular the pp- waves are of Type N, and 
in this case the ADT charges can be directly computed, giving the results 

O^dtK'-'I = y <i.* (l - e-c {(-)- (2/3(a) + 1) > , (6.6) 

where fsiu) is the function occurring in the pp-wave solution (5.41), and the bound (6.6), 
which follows from (6.4), holds provided that a globally well defined solution of the general- 
ized Witten spinor equation exists for this solution. This bound seems puzzling at first sight 
because one may consider a function for which the ADT energy is negative. However, 
for any such choice of a regular Witten spinor must fail to exist. Indeed, as we saw in 
Section 5.3, the exact solution of the generalized Witten equation is not regular for constant 
fs that gives negative ADT energy. Of course, we do not know if the Type N solutions are 
the only ones that are asymptotically AdS. Nonetheless, the bound (6.6) suggests that the 
energy may be positive for all Type N spacetimes, in a manner similar to the case of ni = 1. 
On the other hand, it is known that (see, for example, [4]) there exists a linearized solution 
of CTMG which has negative energy helicity 2 excitation for /x^ > 1. We do not know if 
this result survives necessarily at the nonperturbative level. If we assume that it does, then 
we must investigate whether the requirement that the generalized Witten equation admits 
a globally well defined solution is too restrictive in determining the full space of solutions 
with standard Brown-Henneaux boundary conditions. 
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A Notations and Conventions 



In our conventions rjab = diag(— 1, +1, +1). The world indices /x and the tangent space 
indices a are spht as 

= {r, (t>, p) , 

a = (0,l,2) = (+,-,2) = (0,i) , i = l,2. (A.l) 

The lb labels are reserved to flat indices only throughout the paper. We define the light-cone 
indices in the local Lorentz frame as 

^± = ^ (±^0 + vi) , = ^ + = ' (^-2) 

and the coordinates as 

u=^£{-T + <t>), v = ^£{t + cI^). (A.3) 

The Clifford algebra is 

{7",7'} = 2r7"' , (A.4) 

and we use the representation 

70 = i<^2 , li = <^i , 72 = 0-3 • (A.5) 
Furthermore, we use the conventions 

^abc^^abc^ e^,^ = ee^,p, e'^'^f = e'h^'^P , (A.6) 

where e = det and the e-tensors are constant. The chiral projected 7-matrices 7^ and 
7± are defined as in (A. 2). The Dirac conjugate of a spinor i/j is defined as 

tp = V'"^7° . (A.7) 



B The Noether Current and Superpotential 

Following [29] , we summarize the main points of how to construct a Noether current asso- 
ciated with local symmetries. In Section 3 we apply this procedure to CTMG. 

Consider the Lagrangian £(0,30) that possesses a local symmetry with gauge parame- 
ters ^"(x), and therefore satisfying 5C = 5^,5*^. Nocther's second theorem then implies the 
existence of the on-shell conserved current such that 

d;.J^ = ^^0^ = , (B.l) 
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where = is the Euler-Lagrange equation of (f), and 
Let us parametrize the variation of the field as follows 

sci^ = eAai<t>)+d,eKi<t>) ■ (B.3) 

It is clear that the surface term is not uniquely defined since any transformation — > 
S^ + diyS^" such that S^'^ = —S^^ does not modify d^S^. Let us make the a priori arbitrary 
choice such that [29] 

Using the abelian restriction ^"'{x) := e(x)^o(^) where e{x) is an arbitrary function and 
^q{x) is fixed but spacetime dependent, after some manipulations one finds from (B.l) that 

[29] 

where U^o '■= CoUa" = is called the superpotential, with 



= 8.f/r+«"A!;^ , (B.5) 



and the subscript has been dropped everywhere. The conserved charge is given by the 
integral of the superpotential at spatial infinity as 

QiO = I U^'dJ:^, . (B.7) 

A key question is how to choose T,a'^ such that this charge generates the appropriate trans- 
formations through the Poisson bracket, as has been emphasized in [31]. Here we shall 
follow the proposal of [29], according to which U^'^ is chosen such that the variation of the 
Noether current is localizable in the sense that 

SJ^ = 6ct>-^ , (B.8) 

where 

Wf:=rA^^. (B.9) 

Note, in particular, that no d^ScI) terms are present as a requirement of this prescription. 
This proposal is motivated by the Hamiltonian approach of Regge and Teitelboim [30]. 
Furthermore this definition is independent of the choice of surface terms added to the La- 
grangian since it depends only on the field equations through as in (B.9), and it has 
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been shown to produce the appropriate conserved charges in many examples [29] includ- 
ing supergravity [31]. We shall use this prescription for the construction of the Noether 
supercurrent and superpotential, and show that the associated conserved charges have the 
desired property for the CTMG. 

C The Abbott-Deser-Tekin Charges for TMG in Arbitrary 
Background 

The Abbott-Dcscr procedure [25] for defining the conserved quantities in asymptotically 
AdS spaeetimes was generalized to higher derivative theories, and in particular to TMG by 
Descr and Tckin [26] . This was further generalized by Bouchareb and Clement [27] to TMG 
with arbitrary backgrounds. We shall follow [27] to summarize these results here. 

Given a solution g^i, of the field equation (2.6) S^i, = Q^n + ^jl~^C^i, = 0, we can write 



where h^v represents the deviation (not necessarily small) from the background solution. 
Then, it follows from the Bianchi identity V v^^^ = that linearized tensor SSfj,,^ is conserved 
as follows 



If the background admits a Killing vector then the current 58^'^ is covariantly con- 
served. It follows that there exists an antisymmetric tensor field J^^^'^ such that 



guv = gtiu + 



(C.l) 



VJS^''' = . 



(C.2) 



(C.3) 



and the conserved charge is defined as 




(C.4) 



For the TMG model we are studying, it is found in [27] that 



(C.5) 



where h = g'^'^h^i, and 



(C.6) 
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Prom the Cotton tensor, it is found that [27] 



(C.7) 



and 



2 



1 



1 



^pC'xh^ + - iaG% + -ipR h 



(C.8) 



where 5Q^i, = 5G^i, denotes the hnear in h deviation of Q^i, from its background value Q^v, 
and 



(C.9) 



Summing up the contributions (C.5) and (C.7), the Qh and Ch terms sum up to give the 
field equation E^j^i, = thereby vanishing, giving the Bouchareb and Clement result [27] 



(CIO) 



with J^'^ {Cj and J^Q^iC) given in (C.6) and (C.8), respectively ^. In general S'* is not a 
Killing vector. However, in the case of AdS^ background they are Killing vectors, and in 
fact = when can be written in terms of Killing spinors as in (D.6). Furthermore, 
the last three terms in (C.8) sum up to zero in AdS-^ background, and thus for a Killing 
vector satisfying H'^ = m^^ we obtain the simplified result obtained first by Deser and Tekin 
[261 



SttG 



as L 



i + ^)-^r(o+ V(o 



where 



(C.ll) 
(C.12) 

(C.13) 
(C.14) 



and in obtaining the second line we have used the consequence of the field equation (2.6) 
giving Q = Q^^ = 0, and therefore the second term in (C.13) vanishes. Note also that 



®In comparing this result with that of [26], observe that the last three terms in (C.8) vanish for AdSs 
background, and that e""" {SQp^ - \gpa5g) ^ = \{s^"'''6g'' p^a +6^"" 69^" p^a + e^"'>'6g%^a) , as can readily 
be seen from the identity e^'^'PSg''^ = 0. 
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SQ^iy = g^^ SQ^i,, where we have restored the bar notation for background metric for clarity, 
for backgrounds with Q/^i^ = 0. 

For a KiUing vector satisfying S'* = —m^^ (which is the case when (D.ll) holds), 
the ADT charge becomes 



dE^^ . (C.15) 



Finally, we justify the overall normalization of the energy in (C.ll) as follows. Let us 
consider a coupling to a scalar field 

^ —^{R + 2m'') + —^Ccs-]:V^9''''d^<t>dA- (C.16) 



Here we have taken the coefficient of the Einstein term to be the canonical one as in (1.1 
The field equation for the gravitational field is 

1/^1 
8^ 

where 



{q^v + -C^^ ^j^^matter) ^ (^.17) 



T^--"-) = 5^</,5,</, - \g^Ad<^f (C.18) 

is the standard energy-momentum tensor of the scalar field. Splitting the left-hand side 
into a part linear in h^^l, and a higher order part following [26] we obtain 

^ {^Q^. + \^C^^ = T^r""^ + Tjr""^) = T^. . (C.19) 
Energy is defined such that the matter part becomes the standard scalar energy and is given 

by 



SttG 
1 



in agreement with (C.ll). 



d^a. , (C.20) 



D AdSs Background, Killing Spinors and Killing Vectors 

The metric of the background AdS spacetime is 

ds^ = dxf'dx'^g^^ = f [- cosh^ pdr'^ + sinh^ pd^!)^ + dp^] . (D.l) 
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We use the world indices /j, = T,(t),p and the local Lorentz indices a = 0, 1, 2. The dreibein 
is chosen as e^^ = ^coshp, e^^ = ^sinhp and e^^ = i. The non- vanishing components of 
the spin connection are Ur^^ = sinh/9, a)^^^ = cosh p. The background value of 



1 ab 1 



(D.2) 



is given by 





= dr- 


^e^o(l 


-72) - 


''70(1+72) , 






= d^- 


^6^70(1 


-72)- 


^e'"''7o(l +72) , 






= dp- 


1 

2 72. 






(D.3) 



For some purposes it is more convenient to express the AdS metric as 



dr 



- (1 + m^r^) dt^ + r^d<l)^ 



dr"^ 



(D.4) 



1 + m^r^ 

which is related to (D.l) by a change of coordinates t = £t, r = £sinh/3 with m = f~^. 
There are two independent Killing spinors satisfying V^e/^ = in the AdS background 

[24] 

e^^'cos ^(r + (^) +7oe~^''sini(r + 0) 

e^'' sin ^(r + (?!)) — 7oe~^'' cos ^(r + (/)) 

where r?::^ (^ = 1, 2) are arbitrary constant Majorana spinors satisfying J211+ = We can 
construct three Killing vectors from these (commuting) Killing spinors as 



4 



4 = 



(D.5) 



e 



^il^^l = e^^ (A 5 = 1,2) . 



(D.6) 



The explicit forms of = ^^^^d^ are 

^11 = -2r\Ko + K^) , 



22 



12 



(D.7) 



where the normalization of i]^ has been chosen as rj^^^rj^ = — 1, and Ka are given by 

d d 



+ 



( d d \ d 

Ki = \ cos(t + <j)) ( tanh p— + coth P^j + \ sin(r + </") ^ ' 

tanh p— + coth p— \ - ^ cos(r + (/>)— . (D.8) 
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Since the vectors Ka satisfy 



Kq ± Ki are null. Furthermore, Ka = Kad^ obey the algebra [Ka,Ki,] 



(D.9) 

-eab'K,. The 



three Killing vectors ^^^^ are generators of 50(1, 2)l in S0{2, 2) = S0{1, 2)l x S0{1, 2)r. 

Other three Killing vectors, which are generators of S'0(l,2)/j, arc constructed from 
Killing spinors satisfying Vj}eK = 0, where = V^^ + ^mjn. These solutions are 



4 



4 



(D.IO) 



e^f cos ^{t — (f)) — Joe 2'' sin ^(r — (/)) ryi , 

e2''sin i(T — ^) + 7oe~2^cos ^(r — ^) 77^, 

where rj'^ {A = i,2) are arbitrary constant Majorana spinors satisfying 72?7^ = —rj^, and 
the three Killing vectors can be written as 

e^^M = = ^BAf. B = i,2). 

The explicit forms of ^"^^ = i'^^^djj, are 

^il = -2r\Jo + Ji) , 

^22 ^ _2rl(Jo-Ji) , 

= 2rV2 , 



(D.ll) 



(D.12) 



where Ja are given by 



d__d_ 
dr d(j) 



Ji = \ cos(t — (j)) I tanh p— coth p— I + ^ 



84) 



■ sin(r 



I — 
5p 



J2 



( d d\ d 

— i sin(T — ^) I tanhp— cothp— ) + ^ cos(r — 0)— , (D.13) 

\ OT 0(p J op 

and Ja = Jad/j, obey the algebra [Ja, Jb] = ^ah^Jc- 

Finally, we use the abbreviated notation and ^^""^ for and respectively, 
with components given by = + + ,^^^^^52- Note in particular that 

-21-^Kq = \{(^^ + ,^22) and -2rVo = + ^^2), associated with {E - mJ) and 

{E + mJ) , respectively, are given by 

-2r ^Ko = — \= {ePd+ - e-cd-) , 
V2 



V2 



(D.14) 
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